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Losungen zur Serie S1

Multiple superconducting phase transitions.

S1 First of all, we consider a system with tetragonal crystal structure and strong spin-orbit
coupling. For the two-component order parameter 77 = (7, 7,) corresponding to two basis
functions of the two dimensional representation, the Ginzburg-Landau free energy density f

is given as follows.

f = a'(T—Tc)In\2+bl\n\4+5{%2775+n§ny2}+bg|m\2lnyl2
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Here, we have omitted the gradient terms and the magnetic field term assuming a spatially
uniform system under zero magnetic field. The coefficients o’ (> 0) and b; (i = 1,2, 3) are

real numbers.

Now, let us consider the situation that the symmetry of the above system is reduced
from the tetragonal symmetry (D) to the orthorhombic one (Dyy,). (That is, the z and
y directions become inequivalent.) The symmetry reduction lifts the degeneracy of the two
components 7, and 7,, leading to different transition temperatures for n, and n,.

The second order term of f becomes
a'(T—TC){|77$‘2—|— ‘ny|2} - a,(T_Tcz)‘nzP+a,(T_Tcy)‘77y|2' (4)

Here, we assume that the degeneracy lifting is small such that T¢, and T¢, are only slightly
different, i.e., |Tey — Tey| K Tew, Toy.

Assuming T¢, > Tg,, the first superconducting transition occurs at 7' = T¢,. That is,
7=1(0,0) = 7= (n:,0) at T'= T,. Then, the second transition from this phase 77 = (7, 0)
to lower-temperature phase ij = (1,,1,), occurs at T' = T! (< T¢,).

In summary:

e 7= (0,0) at T > T,
o 7= (n:0) at T, 2T > 1T,
o 7= (N 1y) at T <Ty,

(3)



For T'> T, (n, = 0), Egs. (3) and (4) lead to
f=d(T =Tl + bifna|". (5)

As usual (considering df/0dn: = 0), this has a minimum at

—a/ (T — Tey)

T]? =
1.(T)]| 5, ;

when by >0 and T < T,.
For T' < T, (n, # 0), Egs. (3) and (4) lead to

f o= d(T=Ta)nl +d(T = To)n, "
ba .
b lmal* 4 I+ 2Py P+ 5 20+ 00+ balna P 2. (7)

It is known that T;, is different from T,. In what follows, let us calculate this second

transition temperature 77, .

Let us recall the Ginzburg-Landau free energy with a single component order parameter

P
f= Al + Byl (8)

where B > 0. When the coefficient A of the quadratic term |1|* is negative A < 0, this free
energy has a minimum at a finite value of [¢|, (|1| # 0). On the other hand, when A > 0,
it has a minimum at |¢)| = 0.

Keeping the above in mind, we consider the quadratic terms (= f,2) of n, in the Ginzburg-
Landau free energy density [Eq. (7)],

fo= A{d@ = Ta)mlP +bilnel*} + fuo + balny ", (9)
where the quadratic terms of n, are
b * *
fip = d(T =Ty |nyl* + 201 |0 *Iny|? + 52{77:02775 + 2t 4 balna Pl (10)
b * *
= [T = Toy) + (b0 + ba) e P Iy + 5 (2% + i} (11)

fy2 can be rewritten as
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det(A — E1) = 0.
— (a — E)* —bc=0.
— E? —2aF +a* — bc = 0.

= a+Vbe

= a (T — Tey) + (201 + bs)|na|? £/ (b212) (bam22)
= d(T = Ty) + (2by + byl [* + /[, *

= (T = Tey) + (201 + b3)[n.]* + bafn.|*

= d(T —Tyy) + (2by + by £ by) |n.|*.

The eigen vectors are

b / 2
(\/%) for E=a+ Ve (E:a(T—Tcy)+(251+b3+52)|m\),

<—\b/%> for E=a—Vbc (E =d (T —Toy) + (2b1 + b3 — b2)|77x|2)‘

From these eigen vectors, we define the following matrices ( UU-'=0"0 =1 ),

(e v (D)

The matrix A is then digonalized as
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Hence, f,2 is expressed as

fy2
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Here, without loss of generality, we assume 7, is real. Then, recalling the definitions

b = byn? and c = byn*?, we have a relation vbc = b = byn?. Thus,

fo = =@+ VB (Ve + bi)? — (a — Vbe)(Vien, — bi;)?] (40)

20\/be
= s+ 0) b, + b — (0 = b)om, — b’ (11)
= Sl 0+ 5 = (= vm - )7 (42)

The order parameters 7, + 7, and n, —n, are real and imaginary numbers, respectively. We,

therefore, define n,,. =n, +n, and in,; = n, —n, with n,. and 7,; real. Then,

(@ +0)(7r)? = (a = b)(iny:)?] (43)

(@ + by + (a— b)) (44)
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Because we have assumed 7, is real, the coefficients a + b are

atb = d(T—T.) + (2by + b3)|n.|? £ bon? (45)
= d(T —T) + (2by + by £ by)|n.|? (46)
(2 - 2
_ (T T, + 2t b3a, ba) I ) (47)
= (T -Ty), (48)
where
(201 + bs &= bo)|n.|?
T. =T, — 3@/ 2 . (49)
Substituting |n,(T)|* in Eq. (6) into this,
(2by + b == by) =L L)
T:l: = cy a’ (50)
by + by £ by) (T — Thy
- Tcy+( 1+ b & by) ) (51)
2b,
= T., + Ri(T —Ty). (52)
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Therefore,

axtb = d(T-Ty), (53)
= T —d|Toy + Re(T — Too)| (54)
= CLl(l — Ri)T — CL,TCy -+ a'RiTcz (55)
T., — RLT,
— J(1— 7ty T Mater
¢ o) (1 - Tl (5
= d(1-Ry)(T - Tpe). (57)
Here,
TC - R:I:Tcm
T, = & =< 58
y+ 1 — R:I: ( )
1 - R.T., /T,
= T,
cy 1 _ Rj: ) (59)
with
2by + b £ by
R, = — 2=’ 60
. - (60)
bs =& by
1 . 1
+ T (61)
Finally, from Eqs. (9), (44), (57), the Ginzburg-Landau free energy density is expressed
as follows.
o= {d @ =Tl + bilal} + fio + bl | (62)
1
= {d(T = Teo)lnal? + balmel*} + 5[ (0 B + (0 — b0 + bl |* (63)

= (¢ = TP+ alal'} + 5[0 = RO(T =T )i, + /(1= R(T =T, )] + bl
(64)

From the coefficients of the quadratic terms of 7,, we conclude that the second transition

temperature 17, is given by
Tc/y = maX{Ty—H Ty—}~ (65)

AT <T.,, 7= (N, ny) if T, = Tyy. On the other hand, 77 = (n,,iny;) if Ty, = T,—. (Here,

Nz, Nyr, and ny,; are assumed to be real.)



