Unkonventionelle Supraleitung WS 05/06
Losungen zur Serie 1

1.1 First of all, the compressibility x is defined by
dp

-1 _ _YY
K= V@V' (1)
The pressure p is
__9F . o _ OE (2)
P="v av oV
From these,
_ O*FE
K 1— W (3)
Now, let us assume:
E=Vf(p) with p= % (@)
Then,
oF . L Op
gy = f )TV ) (5)
Noting p is a function of the two variables N and V (i.e., p = N/V),
dp| N op| _ 1
v, = v ™ N TV (©6)
Equation (5) is calculated as
OFE , N
&= forvre|(-3) )
= f(p) = pf'(p) (8)
Then,
e ., 0p 9p, e 0P
gz = gy =g () = pf (o) (9)
ne oy 9P
= 0 (10)
NY ., N
- ~(§)r0(-) (1)
1, (N’
- ro(y) 12)

Next, let us consider the chemical potential y = 0E/ON, (T ~ 0). From the assumption
in Eq. (4),
OFE
ON
= Vi)E (1)
ON
= fp), (15)
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where we have utilized Eq. (6) in the last line. Then,

o .\ Op
N f (P)aN
1 "
= Vf (p)-
From Egs. (12) and (17),
PE 1., [N\
v~ vl <p><v>
_ o (NY
 ON\V

Substituting this into the expression for =1 in Eq. (3),

0’E
-1
= Vo

_opon (VY
~ ON\V
N op

V ON
Thus, we obtain the final result:

op
-1 Ny
" Pon

(16)

(17)

(20)
(21)

(22)

(23)



1.2 First Step:

Let us consider the potential-energy term of the Hamiltonian:

HPE = Z ka/CL’TCT_k7lC_k/7le/7T. (24)
k,k’

We define the operator by as
b = C_,|Ch.1s (25)
and then its thermal average is
(br) = (cr,1Cr,1); (26)

where (- --) = Tr[e % . ..]/Tr[e™"H] and 3 = 1/kgT. In the superconducting state, (by,) # 0.

We define the deviation dby of by, from its thermal average (by) as

Oby = by, — (br.), (27)
namely
b = (by) + 0by. (28)
Substituting this into Hpg,
Hpp = Z ka’clt7TC-r_k7lc—k’,lck’,T (29)
kK
kK
=3 Vi ({B) + 0B} ) ({bw) + S ) (31)
kK
kK

Here, we assume the deviation db;, is small, and we neglect the deviation-square term 56,151);{;/

in Hpg (the mean-field approximation):

Hep ~ Y Vi ((B1) (bw) + (0)0bi + 0] (i) ). (33)

k&'

Then, we proceed on a calculation,

How & 32 Vi (b0 + (01) b + b (b)) (34)
= 3T 0000 + 0 e~ ) + (- ) ) (35)
= 3 Vi | 0D 00) — 20030+ 0Dt + 80 (36)
= 3 Vi 0+ 800) — 8 37)
— ;;[AZkarb,tAk—AZ(bQ], (38)
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where we have defined
A=Y (~Viw)(brw),  and P =2 (Vi) (L) = > (= Vi) (L) (39)
K K K

Here Vi), = Vk*k, because HIT)E = Hpg. The superconducting state is characterized by A, # 0,
(A = 0 in the normal state).

Second Step:
To diagonalize the resulting Hamiltonian, let us consider the so-called Bogoliubov-Valatin

transformation:

Cpyp = Uk'YkO‘}‘UI:%ila (40)

CT—k,L = —UWkO‘i‘UZ%ip (41)

where |ug|?+|vg|* = 1, and the new operators vy and 41 follow the relations for the Fermion

operators: {Vku%i/j} = O r0i; and { Vi, i} = {7,;,7,1/]-} = 0. We calculate,

by = c_k Cry (42)
= (—viho + wkn) (ko + Ui k) (43)
= —vfur TR — VRV VAo F UKk Y1 TR + URUE VI Yy (44)
= —vjuRyio T — VRV YoV + wktk vk veo + kv (1 — v ve), (45)
and
b= (o) (46)
= —vupylomro — stk TRo + Uiyl + (1 — k) (47)

Substituting these into Hpg in Eq. (38),
Hpp = — Y lA;’;bk + b A, — A;’;(bk)] (48)
k
k
X AR VR VR0 TR0 — VRVR ko Ve + Wkt Vi1 Vko + weVg (1 — i1 Ver)

+ Ak{_vku27]107k0 — UpUEYE1Yko + UZUZ'Yiio%il + upug(l — 7,11%1)}

- A (19)

rorw — Agvui friomo + { —Atvivi + Axujui Prlovhy

B
« [{_

+ { A — Axvsvr friaeo + { Ajuvi + Agujor (1= i)

- A;(bk)] . (50)



As for the kinetic-energy term Hkg of the Hamiltonian,

Hyxp = Y, §kC;T€7SCk,s (51)
k,s

= > &lchyeny +cfyeny) (52)
k

= > &lchronr +clycny), (- = &) (53)

k

= & | (uirlo + vrvm) (ko + vk + (—vwko + uivk) (—vivko + uki)|(54)
Sk

= Z &k (uzuwlo%o + UZUZ%ZOVL + Vg UK YE1 VKO T UkUZVm%il)
k|

+ (UkUZ’Yko%io — VpUpYE0 VRl — UZUZ'YJZWIZO + uzuwlml)] (55)

= Z &k _|Uk|2’71107k0 + [op (1 - %10%0) + 2“2“2%10%11
k

+ 2via o + [0k (1= i) + v ) (56)
(57)

Hence, the Hamiltonian H = Hkg + Hpg is

H = Hgg+ Hpr (58)
= & [JunPvlomo + [P (1 = vlorro) + 2upviviorts
k

+ 20k ho + [0k (1 = vhyve) + |Uk|2’7;21’}/k1)}
— > [(— A — Agviup)vhommo + (—Apviv; + Avugug)viorh
k

+ (Ajugur — Agvgve) Ve vko + (Ajugvy + Agugog) (1 — %11%1)

— Ay (b)) (59)
= Xk: [k lue o veo + &lve (1 = Yhommo) — (—Ajvius — Axvrup) Yo eo

+ 28U vi o v — (—Afuivi + Aguiup)viovh

+ 28k vRur Yk Teo — (Apurur — AgVrUg) Ye1Vko

+ &l (1= i) + EelunP v — (Afusvi + Apujue) (1= i)

+ Ay (b)) (60)
= ; [k Junl® = [oe v + (Afviue + Axvrup) Vo e

+ 26 urviviovh + (Arvpvr — Avuiui)viovh

+ 28k kU Yk Vro + (—Afurug + AgUkUk) k1 Vro

+ &lurl® = [ v + (Afuvi + Axugo) vl v

+ Aj(be) + 26klvnl® — (Afurv; + Agujor)] (61)



S [{fmuu? ~ Juul?) + (Ao + Avord) Moo
k

+ {28urv; + (Ajopvr — Axuiur) briovh
+ {2€kvkuk + (—Ajupuy + Akvkvk)}%ﬂko
+ {&(unl® = [or]?) + (Ajurvy + Agugor) vl ven

+ A;’;(bk> + 2£k|vk\2 — (A}’;ukvz + Aku}’;vk)] .
This Hamiltonian is diagonalized as

H =} l{fk(‘uﬂz — Jokl?) + (Ajvpur + AkkaZ)}%Io%o
k
+ {6 (lunl® = [or]?) + (Ajuxvi + Agjor) pykiven

if the coefficients of the operators 7,107,11 and yx1Yko are zero in Eq. (62):

28 urvy 4+ (Ajvpvy — Agujuy) = 0

28 vpur + (—Afuguy + Agvpvg) = 0.
The above two equations (64) and (65) are equivalent:
26vpug + Apvgvp — Ajugur, = 0.

Multiplying this by vju; gives

26 |v [ lus|* + AplvrPufor — AfugPupvy = 0.
Its complex conjugate is

265 ve [ Jus|* + Al vk Pugvy — Aplug*ujve = 0.
From (67) + (68),

A |vel*lur® + A (lvel® = [ur*)uzon + g (ol — ug*)urvy = 0.
Defining the phases ¢ and v as
A = |Ag| exp(ig) and upvy = |ugvp| exp(ih) = |ug||vk| exp (i),

we have

(63)

(68)

(69)

(70)

ALk vg P Jur]? + | Ak [k g ([or]* = Jurl®) ™ + | Al Jug|[or] (Jve]* = ug|?)e™ @) = 0. (71)

—_
A&l on]|ug| + | Ax[([os]? = [ul?)e" @™ + | Ak (Jox|* = Jugl?)e ) = 0.
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28k |vkl|ue| + [Ak] cos(¢ — ¥)(Jug]* — |ukl?) = 0.

Considering the assumption |ug|? + |vg|> = 1, we set
|ug| = cost and |vg| = sint.
We also define
Ay, = |Ag] cos(¢ — ).
(We will later find ¢ = ¢.) From Eq. (73),

0 = 2&costsint + Ag(sin®t — cos®t)
= &,sin(2t) — Ay cos(2t).

H
A
tan(2t) = —=.
&k
Therefore,
A
cos(2t) = % and sin(2t) = F:’
where we have defined
By = & + Af
Thus,
lug|> = cos®t
1
= 3 (1 + cos(Qt))
1 €k
= (142
()
and
lup|? = sin®t

= %(1 — cos(2t))

Y F
B 2(1 Ek>

(73)

(74)

(78)

(80)

(81)
(82)

(83)

(84)
(85)

(86)

The expressions for |ug|? and |vg|? in Egs. (83) and (86) have been obtained from the con-

dition [Eq. (66)] for diagonalizing the Hamiltonian.



From the diagonalized Hamiltonian in Eq. (63),

H =) l{fk(‘uﬂz — Jokl?) + (Ajvpu + AkkaZ)}%IoVko
k
+ {&e(Junl® — [oel) + (Afuwvi + Axugor) frfim

= Z l{ g;; + F}’Yko’Yko

+{= S —}mm

E, Ej
+ Az<bk> + 2§k‘vk|2 — (AZukv,’; + Aku}’;vk)] (88)
_ T T
= > [Ek'YkO'YkO + Ek'Ym'Ykl} + Epo. (89)

k

Here, the excitation energy is Ej, and the ground state energy is

Ly = Z[AZU)JJ + 28 ve]? — (Afugvy + Aku};vk)] (90)
k

In Eq. (88), we referred to Egs. (70), (83) and (86).

Third Step:

Let us consider the thermal average of by = c_ ¢ 1. From Eq. (45),

(br) = (cr1ckp) (91)
= —viue(Yiomeo) — vivR (o) + ke (Y vee) + wvi(1 = (Yhwm))  (92)
* BE
= ukvktanh(Tk) (94)
- \ukHvk|ewtanh(62k) (95)
B (P
- 35.° tanh : ) (96)

Here, <7110%0> = <71117k1> = f(E}) and <71107111> = (Vk17k0) = 0, because 7110 and %11 are the
independent Fermionic operators for the excited states with the energy FEj according to Eq.
(89). [f(E}k) is the Fermi distribution function.]

Substituting Eq. (96) into the expression for Ay of Eq. (39),

Ar = > (=Viw)(bw) (97)

kl

— S(- vkk/)‘QAE"”" iwtanh(@). (98)

k! k' 2



Now, referring to Eq. (70),

[Axle? = > (=Viw) (b (99)
k/
- % |Ak’| i ﬁEk’
-
N et Bl BB
Ayl = %:( Vi )e 2, tanh( 5 ) (101)
Therefore, ¢ = 1 when Vi is real. (ka, < 0.) Hence we set ¢ = 1. Then, Ay = |Awr]
from Eq. (75), Ex = /&2 + |Ax|? from Eq. (80), and we get the gap equation from Eq. (98)
finally,
- Ay BEy
A, = —Vip h . 102
k %}( Vi) tan (") (102)

Fourth Step:

At T — T, we linearize the above gap equation as

- A
A = — Vi tanh
© o R Tggytani

Here, we have expanded Ej, = /&2 + |Ag|? with respect to |Ag|/&k, and have kept only its
zeroth order.

5|€k/|).

. (103)

Now, let us define

A = Ak gr, (104)
where
el =1, (105)
Substituting this into the linearized gap equation,
: A(w) B&w|
AlGr)gr = ;(_ka’)gk’ 2|§:‘ tanh( 2’“ ) (106)
dQ dQ / )
A(&) k|9k\2 = —Z/ kQZka/ o 2‘(§k|> tanh(mgk ‘) (107)
3K aQ / ,
A(&) = —</ (27r)3> gy —L g Vi o 2|(§:‘) taﬂh(mgk |) (108)
_ (No/ d@//d@k/) CZngkvkk/ k’égj/‘) tanh(mgk/‘) (109)
Alw) 1 (BlEw]
= N [ V() e e (=5) (110)
Alw) (o (P
— N, /ék/>0d§k, (€0 &) 5’“ tanh (=), (111)

9



where Ny is the density of states, we have defined

ko/ ko 7
A Egkvkk'gku (112)

V(& &) = /

and we have assumed A(&y) is an even function of & in Eq. (111).
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