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3.1 Uniform susceptibility of a gas of N interacting electrons in a system with the volume
V. Consider the Hamiltonian

H, = Hgg + Hint + HéA)7
with

Hxp = ngc;rc,sck,s; Hint = /drdr,Uég(r_r,)PT(r)pl(r,)7
k,s

HYY = —pupH S (niy —nyy).
k

Here, H is the uniform magnetic field, ny , = CLSCM, (s ={1,1}), and the density operator
p is given by
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a) Show that in the molecular-field (mean-field) approximation the energy of the system,
E = (Hy), is written in the following form:
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where Fjy is the H-independent contribution to the total energy, D is the density of states
per spin projection at the Fermi level, and I = U/V. The magnetization is M = yH and
M = pg(Ny — N)), where N = Ny + N| and Ny = Y, (ngs) (the thermal average: (---)).

b) Show that in this approximation the uniform susceptibility x is given by
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where Xpaui = 2p3 Dy is the Pauli susceptibility.

Hint: Consider the operator CL,kaiq.s and its deviation from the thermal average (cLsckiq,s).
Then, neglect the quadratic term of such deviations in Hyxt. (This is the mean-field approx-
imation.) Set <c£7sckiq,s) = 0 for q # 0, because we are interested in a spatially-uniform spin
polarization here. If necessary, apply the Taylor expansion to the Fermi distribution func-
tion f(gk,s) = (ny,s) up to the 2nd order with respect to H. Note that df(£)/d§ = Bf'(€),
B = 1/kgT, and at low temperatures —f'(§) ~ 6(£)/B. Neglect a term with the deriva-
tive of the density of states at the Fermi level. The magnetization M is obtained from
M = —dE/dH.



3.2 Non-uniform susceptibility of a gas of N free electrons in a system with the volume
V. Consider the Hamiltonian

H, = Hyg + HS,

where Hkpg is the same as in Probl. 3.1. The Zeeman term HZ due to the non-uniform
magnetic field, H(r) = H,v/2cos(q - 1), is given by

N
HéB) =V upS(r;) - HyV2cos(q - 1;).
i=1

Here, S (r) and r; are the spin density operator and the position of the i-th electron, respec-
tively. We define S(r) as

Z ¢ Uss ws )

where the 2x2 matrices ¢ = (o0,,0,,0,) are the Pauli matrices, and ¢,y means their ss’
matrix element.
We assume that the magnetic field is sufﬁciently small such that HéB) < Hgg. From

now on, we choose H H,% in the above H ) for convenience.

a) Show that the non-uniform susceptibility of the system is given by

Z f(gk—i-q)

k §k+q gk ’

where x(q) = M/H, = (—dE/dH,)/H,, and f(&) is the Fermi distribution function. We
assume that the electrons are distributed uniformly in the system with the volume V' such
that 33)0, — & [, dr;.

b) Show that for small values of |q|,
2
~ 2u3Dp - (1 — lal" :

Here, we assume & = h*(|k|? — kZ)/2m. Dg is the density of states at the Fermi level per
spin projection. In this calculation, replace the Fermi distribution function with the step
function as an approximation at low temperatures.

Hint: Consider HéB) as a perturbation term, and calculate the energies ék of the single
particle states up to the 2nd order correction by the perturbation theory of the quantum
mechanics. Here, the unperturbed Hamiltonian Hy is perturbed by Hé ) , resulting in H:

Hy = Hgg= kacmck,s

k,s

— H = ngéjl[c,sékﬁ‘

k,s

Then, the energy of the system is
E = (H) =Y & ) = > &S (&),
k,s k,s



