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4.1 The Hamiltonian is diagonalized, by the unitary (Bogoliubov) transformation Ǔk, as

H =
∑

k

(

C
†
kǓk

)(

Ǔ
†
k ε̌kǓk

)(

Ǔ
†
kCk

)

=
∑

k

A
†
kĚkAk, (1)

where

Ǔ
†
k ε̌kǓk = Ěk, (2)

Ak = Ǔ
†
kCk. (3)

From Eq. (2),

ε̌kǓk = ǓkĚk. (4)

The left hand side of this is

ε̌kǓk =
1

2

(

ξkσ̂0 ∆̂k

∆̂†
k −ξkσ̂0

)(

ûk v̂k

v̂∗
−k û∗

−k

)

(5)

=
1

2

(

ξkσ̂0ûk + ∆̂kv̂
∗
−k ξkσ̂0v̂k + ∆̂kû

∗
−k

∆̂†
kûk − ξkσ̂0v̂

∗
−k ∆̂†

kv̂k − ξkσ̂0û
∗
−k

)

(6)

=
1

2

(

ξkûk + ∆̂kv̂
∗
−k ξkv̂k + ∆̂kû

∗
−k

∆̂†
kûk − ξkv̂

∗
−k ∆̂†

kv̂k − ξkû
∗
−k

)

. (7)

The right hand side is

ǓkĚk =
(

ûk v̂k

v̂∗
−k û∗

−k

)

1

2

(

Êk 0
0 −Ê−k

)

(8)

=
1

2

(

ûkÊk −v̂kÊ−k

v̂∗
−kÊk −û∗

−kÊ−k

)

. (9)

Therefore, from ε̌kǓk = ǓkĚk,

1

2

(

ξkûk + ∆̂kv̂
∗
−k ξkv̂k + ∆̂kû

∗
−k

∆̂†
kûk − ξkv̂

∗
−k ∆̂†

kv̂k − ξkû
∗
−k

)

=
1

2

(

ûkÊk −v̂kÊ−k

v̂∗
−kÊk −û∗

−kÊ−k

)

. (10)

We obtain the four equations,

ξkûk + ∆̂kv̂
∗
−k = ûkÊk, (11)

ξkv̂k + ∆̂kû
∗
−k = −v̂kÊ−k, (12)

∆̂†
kûk − ξkv̂

∗
−k = v̂∗

−kÊk, (13)

∆̂†
kv̂k − ξkû

∗
−k = −û∗

−kÊ−k. (14)
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From Eq. (13),

∆̂†
kûk − ξkv̂

∗
−k = v̂∗

−kÊk, (15)

→ ξkv̂
∗
−k − ∆̂†

kûk = −v̂∗
−kÊk, (16)

→ ξ−kv̂
∗
k − ∆̂†

−kû−k = −v̂∗
kÊ−k, (k → −k) (17)

→ ξkv̂
∗
k +

(

∆̂T
k

)†
û−k = −v̂∗

kÊ−k, (ξ−k = ξk and ∆̂−k = −∆̂T
k ) (18)

→ ξkv̂
∗
k + ∆̂∗

kû−k = −v̂∗
kÊ−k, (19)

→ ξkv̂k + ∆̂kû
∗
−k = −v̂kÊ−k. (20)

This is equivalent to Eq. (12), namely Eq. (13) is equivalent to Eq. (12).

From Eq. (14),

∆̂†
kv̂k − ξkû

∗
−k = −û∗

−kÊ−k, (21)

→ ξkû
∗
−k − ∆̂†

kv̂k = û∗
−kÊ−k, (22)

→ ξ−kû
∗
k − ∆̂†

−kv̂−k = û∗
kÊk, (k → −k) (23)

→ ξkû
∗
k +

(

∆̂T
k

)†
v̂−k = û∗

kÊk, (ξ−k = ξk and ∆̂−k = −∆̂T
k ) (24)

→ ξkû
∗
k + ∆̂∗

kv̂−k = û∗
kÊk, (25)

→ ξkûk + ∆̂kv̂
∗
−k = ûkÊk. (26)

This is equivalent to Eq. (11), namely Eq. (14) is equivalent to Eq. (11).

Thus, we obtain the two independent equations [Eq. (11) and (13)],

ξkûk + ∆̂kv̂
∗
−k = ûkÊk, (27)

∆̂†
kûk − ξkv̂

∗
−k = v̂∗

−kÊk. (28)

Multiplying Eq. (28) by ∆̂k from the left gives

∆̂k∆̂
†
kûk − ξk∆̂kv̂

∗
−k = ∆̂kv̂

∗
−kÊk. (29)

Assuming the unitary states ∆̂k∆̂
†
k = ∆̂†

k∆̂k = |∆k|
2σ̂0,

|∆k|
2ûk − ξk∆̂kv̂

∗
−k = ∆̂kv̂

∗
−kÊk. (30)

→ ûk =
1

|∆k|2

(

ξk∆̂kv̂
∗
−k + ∆̂kv̂

∗
−kÊk

)

, (31)

where |∆k|
2 ≡ 1

2
Tr[∆̂k∆̂

†
k]. Substituting this ûk into Eq. (27),

ξk

|∆k|2

(

ξk∆̂kv̂
∗
−k + ∆̂kv̂

∗
−kÊk

)

+ ∆̂kv̂
∗
−k =

1

|∆k|2

(

ξk∆̂kv̂
∗
−k + ∆̂kv̂

∗
−kÊk

)

Êk, (32)

→
ξk

|∆k|2

(

ξk(∆̂
†
k∆̂k)v̂

∗
−k + (∆̂†

k∆̂k)v̂
∗
−kÊk

)

+ (∆̂†
k∆̂k)v̂

∗
−k (33)

=
1

|∆k|2

(

ξk(∆̂
†
k∆̂k)v̂

∗
−k + (∆̂†

k∆̂k)v̂
∗
−kÊk

)

Êk, (34)
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→ ξk

(

ξkv̂
∗
−k + v̂∗

−kÊk

)

+ |∆k|
2v̂∗

−k =
(

ξkv̂
∗
−k + v̂∗

−kÊk

)

Êk, (35)

→ v̂∗
−k

(

ξ2
kσ̂0 + ξkÊk + |∆k|

2σ̂0

)

= v̂∗
−k

(

ξkÊk + Ê2
k

)

, (36)

For v̂∗
−k 6= 0,

ξ2
kσ̂0 + ξkÊk + |∆k|

2σ̂0 = ξkÊk + Ê2
k , (37)

→ (ξ2
k + |∆k|

2)σ̂0, = Ê2
k (38)

→ (ξ2
k + |∆k|

2)σ̂0, =
(

Ek,+ 0
0 Ek,−

)2

, (39)

→ (ξ2
k + |∆k|

2)σ̂0, =
(

E2
k,+ 0
0 E2

k,−

)

. (40)

Therefore,

E2
k,+ = E2

k,− = ξ2
k + |∆k|

2. (41)

Now, we define

Ek ≡
√

ξ2
k + |∆k|2. (42)

Then,

E−k =
√

ξ2
−k + |∆−k|2 (43)

=
√

ξ2
k + |∆k|2 (44)

= Ek. (45)

Let us consider

Êk =
(

Ek,+ 0
0 Ek,−

)

=
(

Ek 0
0 Ek

)

= Ekσ̂0. (46)

Substituting this into Eqs. (27) and (28),

ξkûk + ∆̂kv̂
∗
−k = Ekûk, (47)

∆̂†
kûk − ξkv̂

∗
−k = Ekv̂

∗
−k. (48)

→ ∆̂kv̂
∗
−k = (Ek − ξk)ûk, (49)

∆̂†
kûk = (Ek + ξk)v̂

∗
−k. (50)

On the other hand, because Ǔk is a unitary matrix,

1̌ = ǓkǓ
†
k (51)

=
(

ûk v̂k

v̂∗
−k û∗

−k

)

(

û
†
k v̂

∗†
−k

v̂
†
k û

∗†
−k

)

(52)

=
(

ûk v̂k

v̂∗
−k û∗

−k

)

(

û
†
k v̂T

−k

v̂
†
k ûT

−k

)

(53)

=

(

ûkû
†
k + v̂kv̂

†
k ûkv̂

T
−k + v̂kû

T
−k

v̂∗
−kû

†
k + û∗

−kv̂
†
k v̂∗

−kv̂
T
−k + û∗

−kû
T
−k

)

. (54)
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Thus,

ûkû
†
k + v̂kv̂

†
k = σ̂0, (55)

v̂∗
−kû

†
k + û∗

−kv̂
†
k = 0. (56)

From Eq. (49),

ûk =
∆̂k

Ek − ξk

v̂∗
−k, (57)

û∗
−k =

∆̂∗
−k

E−k − ξ−k

v̂k (58)

=
−∆̂†

k

Ek − ξk

v̂k. (59)

From Eq. (50),

v̂∗
−k =

∆̂†
k

Ek + ξk

ûk, (60)

v̂k =
∆̂T

−k

E−k + ξ−k

û∗
−k (61)

=
−∆̂k

Ek + ξk

û∗
−k. (62)

Substituting these into Eq. (56),

( ∆̂†
k

Ek + ξk

ûk

)

û
†
k +

( −∆̂†
k

Ek − ξk

v̂k

)

v̂
†
k = 0, (63)

→ (Ek − ξk)∆̂k∆̂
†
kûkû

†
k − (Ek + ξk)∆̂k∆̂

†
kv̂kv̂

†
k = 0, (64)

→ (Ek − ξk)|∆k|
2ûkû

†
k − (Ek + ξk)|∆k|

2v̂kv̂
†
k = 0, (65)

→ (Ek − ξk)ûkû
†
k − (Ek + ξk)v̂kv̂

†
k = 0, (66)

→ Ek(ûkû
†
k − v̂kv̂

†
k) − ξk(ûkû

†
k + v̂kv̂

†
k) = 0. (67)

Substituting Eq. (55) into this,

Ek

(

ûkû
†
k − (σ̂0 − ûkû

†
k)
)

− ξkσ̂0 = 0 (68)

→ 2Ekûkû
†
k = (Ek + ξk)σ̂0, (69)

or

Ek

(

(σ̂0 − v̂kv̂
†
k) − v̂kv̂

†
k

)

− ξkσ̂0 = 0 (70)

→ 2Ekv̂kv̂
†
k = (Ek − ξk)σ̂0. (71)

Provided that ûk = ukσ̂0 and uk is real, then from Eq. (69),

ûk =

√

1

2

(

1 +
ξk

Ek

)

σ̂0 (72)

=

√

Ek + ξk

2Ek

σ̂0 (73)

=
(Ek + ξk)σ̂0

√

2Ek(Ek + ξk)
. (74)
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Substituting this into Eq. (62),

v̂k =
−∆̂k

Ek + ξk

û∗
−k (75)

=
−∆̂k

Ek + ξk

√

1

2

(

1 +
ξ−k

E−k

)

σ̂0 (76)

=
−∆̂k

Ek + ξk

√

1

2

(

1 +
ξk

Ek

)

σ̂0 (77)

=
−∆̂k

Ek + ξk

√

Ek + ξk

2Ek

σ̂0 (78)

=
−∆̂k

√

2Ek(Ek + ξk)
. (79)

Appendix I:

In the case of singlet states,

∆̂k = ∆kiσ̂
y (80)

=
√

E2
k − ξ2

kiσ̂
y. (81)

Here, we have used Ek ≡
√

ξ2
k + |∆k|2 [Eq. (42)], and have assumed ∆k is real for simplicity.

Substituting this into Eq. (79),

v̂k =
−∆̂k

√

2Ek(Ek + ξk)
(82)

=
−
√

E2
k − ξ2

kiσ̂
y

√

2Ek(Ek + ξk)
(83)

=

√

√

√

√

E2
k − ξ2

k

2Ek(Ek + ξk)
(−iσ̂y) (84)

=

√

√

√

√

(Ek − ξk)(Ek + ξk)

2Ek(Ek + ξk)
(−iσ̂y) (85)

=

√

(Ek − ξk)

2Ek

(−iσ̂y) (86)

=

√

1

2

(

1 −
ξk

Ek

)

(−iσ̂y). (87)
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Appendix II:

Provided that v̂k = vkσ̂0 and vk is real, then from Eq. (71),

v̂k =

√

1

2

(

1 −
ξk

Ek

)

σ̂0 (88)

=

√

Ek − ξk

2Ek

σ̂0 (89)

=
(Ek − ξk)σ̂0

√

2Ek(Ek − ξk)
. (90)

Substituting this into Eq. (57),

ûk =
∆̂k

Ek − ξk

v̂∗
−k (91)

=
∆̂k

Ek − ξk

(E−k − ξ−k)σ̂0
√

2E−k(E−k − ξ−k)
(92)

=
∆̂k

Ek − ξk

(Ek − ξk)σ̂0
√

2Ek(Ek − ξk)
(93)

=
∆̂k

√

2Ek(Ek − ξk)
. (94)

In the case of singlet states, assuming ∆k is real for simplicity,

ûk =
∆̂k

√

2Ek(Ek − ξk)
(95)

=

√

E2
k − ξ2

kiσ̂
y

√

2Ek(Ek − ξk)
(96)

=

√

√

√

√

E2
k − ξ2

k

2Ek(Ek − ξk)
(iσ̂y) (97)

=

√

√

√

√

(Ek − ξk)(Ek + ξk)

2Ek(Ek − ξk)
(iσ̂y) (98)

=

√

(Ek + ξk)

2Ek

(iσ̂y) (99)

=

√

1

2

(

1 +
ξk

Ek

)

(iσ̂y). (100)
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4.2 Consider the gap equation

∆k,s1s2
= −

∑

k′,s3s4

Vk,k′;s1s2s3s4

∆k′,s4s3

2Ek′

tanh
( Ek′

2kBT

)

, (101)

and the pairing interaction of the form

Vk,k′;s1s2s3s4
= J0

k,k′σ
0
s1s4

σ0
s2s3

+ Jk,k′~σs1s4
· ~σs2s3

. (102)

Here, σ̂0 is the 2 × 2 unit matrix and ~̂σ = (σ̂x, σ̂y, σ̂z) are the Pauli matrices. Ass′ denotes

the ss′ matrix element of Â, (s, s′ = {↑, ↓}). Â stands for ∆̂k, σ̂0, and ~̂σ.

Then,

~σs1s4
· ~σs2s3

= σx
s1s4

σx
s2s3

+ σy
s1s4

σy
s2s3

+ σz
s1s4

σz
s2s3

. (103)

∑

s3s4

Vk,k′;s1s2s3s4
∆k′,s4s3

=
∑

s3s4

[J0
k,k′σ

0
s1s4

σ0
s2s3

+ Jk,k′~̂σs1s4
· ~̂σs2s3

]∆k′,s4s3
(104)

=
∑

s3s4

[

J0
k,k′σ

0
s1s4

σ0
s2s3

+ Jk,k′{σx
s1s4

σx
s2s3

+ σy
s1s4

σy
s2s3

+ σz
s1s4

σz
s2s3

}
]

∆k′,s4s3
(105)

=
∑

s3s4

[

J0
k,k′σ

0
s1s4

∆k′,s4s3
σ0

s2s3

+ Jk,k′{σx
s1s4

∆k′,s4s3
σx

s2s3
+ σy

s1s4
∆k′,s4s3

σy
s2s3

+ σz
s1s4

∆k′,s4s3
σz

s2s3
}
]

(106)

=
∑

s3s4

[

J0
k,k′σ

0
s1s4

∆k′,s4s3
σ0

s3s2

+ Jk,k′{σx
s1s4

∆k′,s4s3
σx

s3s2
+ σy

s1s4
∆k′,s4s3

(−σy
s3s2

) + σz
s1s4

∆k′,s4s3
σz

s3s2
}
]

(107)

=
[

J0
k,k′[σ̂0∆̂k′ σ̂0]s1s2

+ Jk,k′

{

[σ̂x∆̂k′σ̂x]s1s2
− [σ̂y∆̂k′ σ̂y]s1s2

+ [σ̂z∆̂k′σ̂z]s1s2

}]

. (108)

For singlet states, the order parameter is written as

∆̂k = Ψkiσ̂
y (109)

=
(

0 Ψk

−Ψk 0

)

. (110)

In this case, from Eq. (108),

∑

s3s4

Vk,k′;s1s2s3s4
∆k′,s4s3

=
[

J0
k,k′[σ̂0(iσ̂y)σ̂0]s1s2

+ Jk,k′

{

[σ̂x(iσ̂y)σ̂x]s1s2
− [σ̂y(iσ̂y)σ̂y]s1s2

+ [σ̂z(iσ̂y)σ̂z]s1s2

}]

Ψk′

(111)

=
[

J0
k,k′iσ̂

y
s1s2

+ Jk,k′

{

i[σ̂x(−iσ̂z)]s1s2
− i[σ̂yσ̂0]s1s2

+ i[σ̂z(iσ̂x)]s1s2

}]

Ψk′ (112)
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=
[

J0
k,k′iσ̂

y
s1s2

+ Jk,k′

{

i(−i)[−iσ̂y ]s1s2
− iσy

s1s2
+ i2[iσ̂y]s1s2

}]

Ψk′ (113)

=
[

J0
k,k′iσ

y
s1s2

+ Jk,k′

{

−iσy
s1s2

− iσy
s1s2

− iσy
s1s2

}]

Ψk′ (114)

= (J0
k,k′ − 3Jk,k′)Ψk′iσy

s1s2
. (115)

Therefore, substituting this and ∆̂k = Ψkiσ̂
y into Eq. (101),

Ψkiσ
y
s1s2

= −
∑

k′

(J0
k,k′ − 3Jk,k′)

Ψk′iσy
s1s2

2Ek′

tanh
( Ek′

2kBT

)

, (116)

→ Ψk = −
∑

k′

(J0
k,k′ − 3Jk,k′)

Ψk′

2Ek′

tanh
( Ek′

2kBT

)

. (117)

Next, let us consider triplet states. The order parameter is written as

∆̂k = ~dk · ~̂σiσy (118)

= idx
kσ̂

xσ̂y + id
y
kσ̂

yσ̂y + idz
kσ̂

zσ̂y (119)

= idx
k(iσ̂

z) + id
y
kσ̂

0 + idz
k(−iσ̂x) (120)

= −dx
kσ̂

z + id
y
kσ̂

0 + dz
kσ̂

x (121)

=
(

−dx
k + id

y
k dz

k

dz
k dx

k + id
y
k

)

. (122)

In this case, from Eq. (108),

∑

s3s4

Vk,k′;s1s2s3s4
∆k′,s4s3

= J0
k,k′[σ̂0(−dx

k′σ̂
z + id

y
k′σ̂

0 + dz
k′σ̂

x)σ̂0]s1s2

+ Jk,k′

{

[σ̂x(−dx
k′σ̂

z + id
y
k′σ̂

0 + dz
k′σ̂

x)σ̂x]s1s2

− [σ̂y(−dx
k′σ̂

z + id
y
k′σ̂

0 + dz
k′σ̂

x)σ̂y]s1s2

+ [σ̂z(−dx
k′σ̂

z + id
y
k′σ̂

0 + dz
k′σ̂

x)σ̂z]s1s2

}

(123)

= J0
k,k′[(−dx

k′σ̂
z + id

y
k′σ̂

0 + dz
k′σ̂

x)]s1s2

+ Jk,k′

{

[σ̂x(−dx
k′iσ̂

y + id
y
k′σ̂

x + dz
k′σ̂

0)]s1s2

− [σ̂y(−dx
k′(−i)σ̂x + id

y
k′σ̂

y + dz
k′iσ̂

z)]s1s2

+ [σ̂z(−dx
k′σ̂

0 + id
y
k′σ̂

z + dz
k′(−i)σ̂y)]s1s2

}

(124)

= J0
k,k′(−dx

k′σ
z
s1s2

+ id
y
k′σ

0
s1s2

+ dz
k′σ

x
s1s2

)

+ Jk,k′

{

[(−dx
k′i

2σ̂z + id
y
k′σ̂

0 + dz
k′σ̂

x)]s1s2

− [(−dx
k′(−i)2σ̂z + id

y
k′σ̂

0 + dz
k′i

2σ̂x)]s1s2

+ [(−dx
k′σ̂

z + id
y
k′σ̂

0 + dz
k′(−i)2σ̂x)]s1s2

(125)

= J0
k,k′(−dx

k′σ
z
s1s2

+ id
y
k′σ

0
s1s2

+ dz
k′σ

x
s1s2

)

+ Jk,k′

{

(dx
k′σ

z
s1s2

+ id
y
k′σ

0
s1s2

+ dz
k′σ

x
s1s2

)

− (dx
k′σ

z
s1s2

+ id
y
k′σ

0
s1s2

− dz
k′σ

x
s1s2

)

+ (−dx
k′σ

z
s1s2

+ id
y
k′σ

0
s1s2

− dz
k′σ

x
s1s2

)
}

(126)
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= J0
k,k′(−dx

k′σ
z
s1s2

+ id
y
k′σ

0
s1s2

+ dz
k′σ

x
s1s2

)

+ Jk,k′

{

(dx
k′σ

z
s1s2

+ id
y
k′σ

0
s1s2

+ dz
k′σ

x
s1s2

)

+ (−dx
k′σ

z
s1s2

− id
y
k′σ

0
s1s2

+ dz
k′σ

x
s1s2

)

+ (−dx
k′σ

z
s1s2

+ id
y
k′σ

0
s1s2

− dz
k′σ

x
s1s2

)
}

(127)

= J0
k,k′(−dx

k′σ
z
s1s2

+ id
y
k′σ

0
s1s2

+ dz
k′σ

x
s1s2

)

+ Jk,k′(−dx
k′σ

z
s1s2

+ id
y
k′σ

0
s1s2

+ dz
k′σ

x
s1s2

) (128)

= (J0
k,k′ + Jk,k′)(−dx

k′σ
z
s1s2

+ id
y
k′σ

0
s1s2

+ dz
k′σ

x
s1s2

) (129)

= (J0
k,k′ + Jk,k′)[−dx

k′σ̂
z + id

y
k′σ̂

0 + dz
k′σ̂

x]s1s2
(130)

= (J0
k,k′ + Jk,k′)~dk′ · ~̂σiσy

s1s2
. (131)

Therefore, substituting this and ∆̂k = ~dk · ~̂σiσy into Eq. (101),

~dk · ~̂σiσy
s1s2

= −
∑

k′

(J0
k,k′ + Jk,k′)

~dk′ · ~̂σiσy
s1s2

2Ek′

tanh
( Ek′

2kBT

)

, (132)

→ ~dk = −
∑

k′

(J0
k,k′ + Jk,k′)

~dk′

2Ek′

tanh
( Ek′

2kBT

)

. (133)
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