Unkonventionelle Supraleitung WS 05/06
Losungen zur Serie 4

4.1 The Hamiltonian is diagonalized, by the unitary (Bogoliubov) transformation Uy, as

B o= Y (Clv) (et (Uic)

= S ALEA,
k
where
V;Iékvk = E,
Ay = UlCk
From Eq. (2),
U, = Uik

The left hand side of this is

(fliffo Ay ) ( (O )

Al —goy ) \o%, 0t

<§k&0ak + Apt*, Exboly + Agtit, )
Ay, — &.600%, Al — G601,
<§kﬂk + Ayt &+ Agar, )

fe A P N
Apiig — §p0* At — §pU™y,

The right hand side is

Therefore, from &,U), = Uy E},

1[G+ Dy &b+ Apiry\ 1 (ukEk _@k];j_k)
2\ Alay, — &t Al — &ar, o\t B, —0 F_)

We obtain the four equations,

~ A Ak A
iy + Ap0, = LBy,

A N Ak ~ ~
kO + A, = —0E_y,
At e
Apty, — &0%, = 07 By,

At A A~ % _ A% T
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(1)

(10)



From Eq. (13),

Atn - e
Aty — &7y = 05, By,
A% AT~ Ak T
A% AT~ ~x T
— S—kvk — A_ku_k = —UkE_k, (l{? — —k’)
— o+ (AN, = —gE (€5 =& and A, = —AT)
EVg k) U—k = U Lok, —k = Gk an -k = k
A% A kA~ ~x T
— fkvk + Aku_k = —UkE_k,
— Epp + A, = —UF_y.

This is equivalent to Eq. (12), namely Eq. (13) is equivalent to Eq. (12).
From Eq. (14),

Alo, —gar, = —i* F_y,
- gat, - Ale, = W By,
— =AY, = @B, (k— —k)
—~  gap+ (AD)'e = @iB. (6x=6 and A = A7)
— G+ Ao, = WLE,
— &g+ AT, = B

This is equivalent to Eq. (11), namely Eq. (14) is equivalent to Eq. (11).
Thus, we obtain the two independent equations [Eq. (11) and (13)],
Sl + Ao, = WLy,
Alay, — o, = 05, B
Multiplying Eq. (28) by Ay, from the left gives

~ ~

ApAfig — &A%, = Api* B
Assuming the unitary states A Al = ATA, = | A, 260,
1

-y = w(gkAk@ikJrAk@ikEk),

where |Ag|? = Tr[A,Af]. Substituting this 4y, into Eq. (27),

A~k A A%k T A A% 1 A A% A Ak T r
g—kz (SkAkU—k + Ak'U_kEk) + Akv_k = TA 2 (SkAkU—k + Akv_kEk)Eka
| A AVY
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= GG ) + AP, = (&7, + 07, B ) B,
- (L (5]3[70 +&.By + ‘Ak|2[70) = 0% (ngk + Eﬁ)a

For v*, # 0,
60+ &Ey + |A260 = &Ej + EL,
- (&+1AP)60, = EF
. E 0 \?
- @i = (55 5 )
. E? 0
- @ = (5 )
Therefore,

Ei,=Ei_ =&+ |0
Now, we define
By, =& + | Al
Then,

E_p = &, +[AP
- VErIn

= FE.

Let us consider

A _ (Eer 0 N _(E. 0N _ .
Ek_( 0 Ek,—>_<0 Ek>_EkUO'

Substituting this into Eqgs. (27) and (28),
&l + Agd*y, = By,
Alay, — 0%, = Ep",.
— Aty = (Br — &),
Alty, = (BEp+&)0",.

On the other hand, because Uy, is a unitary matrix,

i = 00
~ A~ A~ A~k
B (uk Vg, > uL U_Tk
o, 0t )\ of
_ (ﬁk Uy, ) af o7,
o, A, ) \of At
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Thus,

UpUy, + VgV, = 0o,
ol 4+ 0,00 = 0
From Eq. (49),
A Ak Ak
U = 0" ks
‘ Ee—& "
. Ary
ar, = 0
g B —&y "
A
pum k'
Ey — &
From Eq. (50),
. AL
0t = Uy,
* Ep+& "
~ Azk *
O = i
g Ep+&y *
— _Ak ¥
B+ & "
Substituting these into Eq. (56),
AL . AL
(Ek + §kUk)uk " (Ek - &cvk)vk

- (Ey — &) AcALagal — (By + sz)AkAlkak
— (B — &) AxPintt — (Ex + &) | Ax*0r0]

— (B — &)ty — (Ex + &) 0]

— Ek(ukuL — vkvk) Sk(ukuk + vkvk)

Substituting Eq. (55) into this,

Ey (it), — (60 — iyit)) — &bo = 0

— 2Bt = (B +&)oo,

or

Ei (60 — ixd}) — tx0}) — &0 = 0

— 2E]<;'U]<;'Uk = (Ek—fk)a'o

Provided that w = ugdg and uy is real, then from Eq. (69),

U = 2( +é—i)00

B+ fk 5

— \ 2E,
(Ex + &)oo .
25 (Er + &)
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Substituting this into Eq. (62),

Appendix I

In the case of singlet states,

_Ak N
U
Eo+& F
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214 SR
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~A, N1 Ek \ -
(14 S~
Ei + & 2( +Ek)00
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Ee+ &\ 2B, °

~

—A,

V2B (B, + fk)'

= AyioY

— \/E}— ¢tioY.

Here, we have used Ey = /&2 + |Ag|? [Eq. (42)], and have assumed Ay is real for simplicity.

Substituting this into Eq. (79),

~

Vg

—A,

28, (Ey + &)

—\/E} — €tic?

28, (Ey + &)

B - &

25, (Er + &) (=i5%)
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Appendix II:

Provided that 0, = v,6¢ and vy is real, then from Eq. (71),

&k

= /3 (1 - E)a (88)
By fk 5
= oF, (89)
_ (Bx—&)ao ' (90)
2B (Ey — &)
Substituting this into Eq. (57),
. Ay
T B gt o)
Ay (B — &1)00
— 92
Ey — fk \/QE_k(E_k - §_k) ( )
Ay (Ey—&)éo
= 93
By =&\ [2FL (B — &) (93)
- B . (94)
2B (Ex — &)
In the case of singlet states, assuming Ay is real for simplicity,
G o= (95)
2B (EBy, — &)
_ JE-gi o
2B (EBy, — &)
_ ER—& ..
= \2E5.(E &) (i6¥) (97)
B =) B+ &) [y
— 2F By — &) (16¥) (98)
B+ &),
= 27&(’“7‘1’) (99)
_ k.
) (100)



4.2 Consider the gap equation

Ak/ Ek/
Ak,swz - = klg: Vk,k’;31323354 25:3 tan h(QkBT)7 (101)
,$354
and the pairing interaction of the form
_ 70 0 0 - -
Vk,k’;s1sgsgs4 - Jk,k’gs1s4gsgsg + Jk,k’08184 " Osys3- (102)

Here, 69 is the 2 x 2 unit matrix and & = (6%,0Y,0%) are the Pauli matrices. Agy denotes
the ss’ matrix element of A, (s, ={1,1}). A stands for A, 6°, and &.

D

384

Then,
— - o T Y
0-8184 0-3233 - 0-8184 8283 + 0-8184 8283 + 0-8184 8283 (103)
Vk,k’;51525384Ak’,5483 = Z[Jk k'05154 5253 + J k’08184 UszSa]Ak’ 5483 (104)
5384
_ 0
- Z |:Jk k’0818408283
5384
Y
+ Jk k/{0—8184 S$2S83 + 0—8184 8283 + 0—8184 8283}:| Ak/ ;5483 (105)
= Z[Jk,k’a—sls4Ak/ 8453 8253
5384

Yy Yy z z
+ Jk’ K {08154Ak 5485 8285 + 0—8184Akl754830—5283 + 0—5184Ak/784530—5253}:|

(106)
= Z[‘]Ig,k’o-sls4Ak' 54830 8552
S$384
+ Jkyk/{0§154Ak/754330—§382 8184Ak 5435( 0—319/382) + 0—;184Akl754330—§382 }:|
(107)
- [Jl(c),k’ [&OAk’a-o]slw
+ kak/{[&IAk’&x]swz - [&yAk’&y]swz + [&ZAk’&z]swz H (108)
For singlet states, the order parameter is written as
Ay = WioY (109)
- 0 U,
- (_\Ijk 0). (110)

In this case, from Eq. (108),

ka,k’;81828384Ak’,8483 = {Jg,k’[&o(i6y>&o]8182

8354

T {[57(16%)67 11 — [67(i6%)6V ]y + 67 (16)67 100} | U
(111)
- [Jg’k/ia'gls2

+ T {1107 (=167 oy, — 11676 ) sy0, + (67 (167 ayss }| Urr (112)
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= [Jk wio?

S182

T (i () =101, — 102y + (i8]0, | W

= {Jk W lead

S182

5182 5182 5182

+ Ji k/{ —i0? _ —ioY . —ioY H\Ifk/

= (Jk B 3Jk k/)‘I/kIZU

5182°

Therefore, substituting this and A, = ¥,i6Y into Eq. (101),

\If ZO’S s E ’
ot = =3 (I —3Jk,k,)’;TI;2 tanh ( 2k:1§T)’
U, Ey
— U = =S (N —3Juw tanh .

Next, let us consider triplet

~

Ay

In this case, from Eq. (108),

Z Vk,k';81828384 A/f’,8483

5354

states. The order parameter is written as

cz;f - FioY
idi6T6Y + idl6Y6Y + idi676Y
idy(i67) + id}6° + id;(—i6”")
—di6* +idl6° + di6"
<—ﬂ+¢ﬂ <ﬁ.)

d; dp +idj,

Jowlo®(—dio® +id},6° + di6%)6% s,

+ Jew{[67(—df 67 + id},6° + d67)6"

— [6Y(=df67 +id},6° + di6")6Y] s, s,
+ (6% (—dj 6% +id},6° + d5y6") 67y, |

Jopl(—di6® + id},6° + dfy67))s,s,
+J,€,k,{[a (—d%i6Y + idl, 6™ + dis6)] s s

— [6Y(—d2 (=0)6" + idY6Y + di6?)] sy
+ [6%(—dj6° + idl, 6" + di (=1)6")]ayss }

0
Jk,k”( k’aslsg + de’o—slsg + dk”o—slsg)

+ T {[(—dii®6” +id},6° + djy6")] sy
— (=d§ (=i)?6° + id},6° + df,i*6”"

+ [(—=df 67 +id},6° + dir(—1)267)] 6100

Jlg,k’( dk’aslsg + de’o—slsg + dk’o—slsg)
+ Jk,k'{(dk’gslsg + de’aslsg + dk’Uslsg)
( k’aslsg + de’o-slsg - k’Uslsg)
+ ( k’aslsg + de’aslsg - k’aslsg)}

(113)

(114)
(115)

(123)

(124)

(125)

(126)



= J]S,k”( k/U + de/O' + dk/(f

8152)

+dpo

S182

+ Jk,k/{(dk/o—slsg + de/O'

S182

S182 8182)

+ ( k’aslsg Zd%/0'8182 + dk’03132>

+ ( k’aslsg + de’o-slsg - k’05182>}
+id}, 0l . +dio
+do

= J]S,k”( k’aslsz 8152)

+ Jk,k’( dk/0'8182
= (Jlg,k’ + Jk,k')( k’aslsg + de’o-slsg + dk’05152>
- (J]S,k’ + Jk7k/)[_dk/0— + de,U + d;/&x]slsg

-

= (J]gk/“‘t]k,k’) k! c}wy

s182°

5182

+ id, o

8189 8182)

Therefore, substituting this and A, = dy - GioY into Eq. (101),

dy - FicY By
dy - dio? = =S (J0 0 + Jpw)————12 fanh :
N ;( b+ ) 2By (ZkBT)
- Ci];/ Ek’
— d, = — T2+ T tanh )
g %:( ok k’k)ZEk/ (szT)



