Unkonventionelle Supraleitung WS 05/06
Losungen zur Serie 5

5.1
Tr|Alon Ay = Tr[(dy - 3i6,) 62 (dy - 7i6,)| (1)
= Tr|(di - Gi6,) 0. (di6, + di6, + di6.)ic, | (2)
= Tr|(di - Gii6,) {df6o + djic. + di(—iy,) }ic, | (3)
= Tr|=i6,(d"6, + 6, + di"6.){df60 + dfic. + dj(—idy) }io,|  (4)
= Tr|—i6, {dP*dic, + dP*dVi - (—i)6, + dP*di(—i) - 6.
AT, + U A6, + AV ()6,
iy + di dico + didi(—i)?6, Yo, | (5)
= Tr|=io, {|di 6, + df die, + ditdie.
+dY die, — |dY*6, — idY di6o
A e, + idy doo — |dj) %6, }io, | (6)
= Tr|-|diP6. + df*dio, — ddi6.
+dl di, + |dY*6, — idl dio
—di 6. + idy doo + i[5, (7)
= Tr|—id}"d}&o + id} djoo] (8)
= =2i(dy d — di*dy) (9)
= —2i[d: x dy],. (10)
Here, in Eq. (7) we have used the relations: ¢,6,6, = —6,, 6,6,6, = 6y, 0,0.0, = —0,

and 0,000, = 0y.

Te|Alo,A] = Tr|(di - 5i6,) 6, (dy - Gic,)] (11)
= Tr|(di - 7i6,) 16, (d§o, + di6, + di6.)ic, | (12)
= Tr|(di - 7i6,) {di(~i6.) + di6o + dji }io, (13)
= Tr|—iby, ("6, + dY'6, + di 6. ){di(—i62) + di6o + djio, ig,| (14)
= Tr|—ig {d¥di(—i)%6, + dF*di6, + di*diisy

AV dE (i) - 16, 4 AUV, + dY i - (—i)6,

+didy (—i)o0 + ddo. + dit diiG, Yo, | (15)
= Tr|—i6,{—|df|%6, + dy o, + id] dioy

+di dio, + |di* 6, + di di6.

—id dio + di di. — |d}[*6, }io, (16)

= Tr|-|di*6, — df*di6, + idy dioo

1



Thus,

and then

On the other hand,

—dV &6, + |dY)?6, — A dio,
—id dio — di dio. — |dy|?6,]
Tr [+idy dioo — idy dyoo]
—2i(dy" i — di"dy)
—2ildj, J;f]y

!

i6,) 6. (dy - 5i)|

Bl
Qv

Tr (
Tr(
Tr|(dy - Gic,) {dfie, + di(—i6.) + dioo}ic, ]

1

i6,) 6. (df6 + dio, + d}6.)ic,

=l
Qv

Tr|—iG, {dP*dFi%6, + di*dY(—i)Go + di*dis,
+dY dic + dY dY(—i)?6, + dY d;6,

g (—i)G, + di dY(—i) - i6, + di di6. Yio, |

T |[—i, {—|d} [*6. — idy d}oo + df*di6.
+idl oo — |dY*6. + Y di6,
A Ay G, + di Aoy + |d; 6. )i

Tr [+ df[?6. — idy*dioo — dy*dio.

FidV dEGo + |26, + dV G,
—di* o, + di di, — |di)%6]

Tr | —idy" d}oo + idy dj o]

—2i(dydi — dy" dy)

—2i[d} X dy)...

Te[ALGA] = —2i(d} x dy),

=t
>
o

Tr[ALS_" k} = TT[AL(§3)

Te|ALA] = To[(di - 5i6,) (dy - Gic,)]
= Tr|=i6, ("6, + 6y + 7 62) (df6, + d6, + di6.)ic, |
= Tr|—ic, {(|df[* + |d}|* + |5 [*) 60

2

Te | =i, (di 6 + dY 6, + di’6.){d}i6, + di(—i6,) + dioo}ic, |

(25)



Hi(d ], — di )6, + i(didf — dd7)6, +i(dytdy — dYdf)6. }io, | 36)
= Tr||dp*60 — i[dy X dileb + ild}, x dily6y — ildy x di).6] (37)
= Tr[|dy[*0] (38)
= 2/d,? (39)
We define |d] = \/|d]? as
- A1 rasa ko
d? = EﬁTr[ALAk} = |az,g\2 (40)
Then,
Q A Q -
Ay [AfA] = /ﬁuk\? — 2|d]2. (41)
4
Hence, from Egs. (33) and (41),
. 4Ly [ALSA
J _kTr[AkAk]
Bl pi(d;, x dy
2|d|?
oA, s
= —15 A d dk, (44)

where dj, = d/|d].
We will take the spherical coordinates such that (/%z, /%y, l%z) = (cos ¢sin B, sin ¢ sin 6, cos ).
For the A-phase dj, = \/g((), 0,k + z'l%y),

. . 3 . . 3 . .
di x dy = \/;(0,0,km—iky)x 5 (0.0, ks + iky) (45)
= 0, (46)
and then
= o dQy -
(8) = —ig [ i< dy (47)
- 0 (48)

A . 3, . . . 3, . . .
di x dy = \/;(k;y — k., —i(k, —ik.), 0) x \/;(k;yﬂkz, i(ky +ik.), 0)  (49)

3

= 2(0,0, (k, — ik.)ilk, + ik.) = {=i(k, — ik.)}(k, + ik.)) (50)
_ 2(0, 0,2i(k2 + k2)), (51)



and then

8) = g [k < dy
= —igz ‘Z—S:“(o,o,zi(l%jw%g))
- —%Z%/jw dgzs/; d'sin 60,0, 2i(sin® ¢ sin® 6 + cos” 9) )
= —i%%%/jw algb/o7r d@(O,O,Qi(sin2gbsin39+sinecos2 «9))
_ —z’%% OWdH(O,O,Qi(%sin?’Q+sin900829))
= —i%%%(o,o,zii%§+§))
- —fiﬂ?(o,o,zig)
= (0,0,571)

~

For the B-phase aZk = (]%za ky, ]%z)a

~ ~

di X dy = (kg by, kz) X (ke by, K2)

and then



5.2 Let us consider L = —ih(k x ﬁk)

Te[ALLA] = T|(dy - Gi6,) L(dy - 5iy)] (64)
= Tr|(di - 3i6,) L(df6 + dioy + dj6.)i6, | (65)

= Tr|-i6,(d}" 6, + df6, + di'6.)
x(Ldjo, + Ldio, + Ld;6.)ic, | (66)
= Tr|—i6,{(dy" Ld} + di Ld{ + di” Ld}) 6
_ +i(dY* Ld; — dZ*LdY)6
+i(dZ* Ld? — d2*Ld?)6,
+i(dy Ly, — di* Ld;)6. Jic, | (67)
= Tr|(dy"Ldj + di Ly, + di” Ld}) 6
—i(dV* Ldz — dZ*LdY)6,
+i(dZ* LdP — dP*Ld3)o,
—i(dy* Ly — df* Ld;).| (68)
= Tr|(dy"Ldj + d¥ L, + di* Ld;) 6 (69)
— 2d¥*Ld? + dV* LdY + d7* LdZ) (70)
(71)
(72)

T

= 2d; - [Ldy]
= —2ihd; - [(k x V;)dy).

Hence, from Eqgs. (41) and (72),

= L4 . A (74)
- —ih / d_?r’%i; (kX V) di]. (75)

We will take the spherical coordinates such that (/%z, /%y, k.) = (cos ¢sin @, sin ¢ sind, cos ).
For the A-phase dj, = \/g(O, 0, ky + i/%y),

o . 3 O .
di - [(kx V)ady] = di- \[5 (0,0, (k x Vi)alks + ik,)) (76)
3 R O R
- |3+ (0o (’Cyazzz"@a;;y)(’wz’fy)) ()
- \/gd;;.(o,o, ik.) (78)
_ g(o,o,l%z i) - (0,0, —ik.) (79)
_ ;_@;;wz;z_;;y;;z), (80)



and then

(L)

2
= —zh——/ d¢/0 d@sin@(—z’cosgbsin@cos@—sin¢sin«90089,

2 I
= —zh——/ dgzﬁ/ d&sin&(—icosqbsin@cos@—sinqﬁsin&cos&,
0

247

247

3@

>

Il
~%
~%
. (O8]

lt ’ (07 0, kZ)
3 . . .
5(0, 0, k, —iky,) - (0,0,k,)
(e — ik ),

7.1 7.7 71 7.2 7.2
—2712/47T ik, — Ry, Roks — ikyks, iR+ E2))

cos ¢ sin € cos @ — i sin ¢ sin 0 cos 6,

i(cos® ¢ sin? § + sin® ¢ sin® 8))

cos ¢ sin € cos @ — i sin ¢ sin f cos 0,

i sin? «9)

1 s
—m§— / dfsin 6/(0,0,sin” 9)

— —zh—— 7r0l«9(0,0,sin?’«9)

- h?”(o 0,
= (o,o,h).

4
"3

3)

For the A;-phase dy, = \/g(l;‘y + Z'icz, Z(iﬁy + Z'ifz), 0)>

ko

~ —

x Vi)

; \/g(ky + ik, i(ky + ik.), 0)

6

(88)
(89)

(90)

(93)

(99)
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_ Z(z%y—zi%z, iy — ih2),0) - (< + iy, i(— + i), 0) (102)
3 . . .
= Z((/«l;y — ik.) (ks + iky) + {=i(k, — ik.)Yi(—k. + ik,)) (103)
= Z(z’(ky — ik.) (ky + ik) + i(ky — iks) (ky + ik.)) (104)
_ ig(/;;ﬂ%g), (105)
R T £
di - [(k x Vi)ydi = ,’Z-(k><V,;)y\/;(ky+2kz,z(ky+zkz),0) (106)
3. . 0 . DN
_ \/g ’“'(kzal%x —kzakz)(ky+zkz,z(ky+zk:z),o) (107)
= by — ke, —ilhy — i£2),0) - (<iks, e, 0) (109)
= Z(( y — ik:) (—iky) + {=i(ky — ik.)}ho ) (110)
= s (kuk, — i), (111)
o a . 3. A .
di - [(kx V).dy]) = Z-(k><Vk)z\/;(ky+2kz,z(ky+zkz),0) (112)
3. /- O ~ 0\ /p .A
_ \/;dk.(l{;za_l%y_kyal%x)(k:yjtzkrz,z(ky—i—zkz),()) (113)
3. o -
= \/;dk-(kx,zkx,o) (114)
= %(l%y—il%z,—i(l%y—il%z),O)~(l%x,z'l%x,()) (115)
3, . . . .
= Z((l{;y—zkz)kar{—i(k:y—zkz)}zkm) (116)
3. o
= 5 (kok, —iksk.), (117)
and then
- A e =
(L) = —in / Ty [ x Vy)di] (118)
A By y B a3
_— / T (SR 2, =5 (ko — ko), 5 (kok, — ikik.)) (119)



2 T
2 . .92 .92 2
= zh2—4w/0 dgzﬁ/o dﬁsm&(z(sm ¢sin® 6 + cos”0),

—i(cos ¢ sin @ sin ¢ sin f — i cos ¢ sin 6 cos 0),

i(cos ¢ sin @ sin ¢ sin @ — i cos ¢ sin 0 cos 9)) (120)

= zh22/0 d@sm@(z(Qsm 0 + cos 0),0,0) (121)
= 3t M an(Lene + s 2
= zh22 ; d8(281n 6 + sin 0 cos 9,0,0) (122)
30,14 2
L34
- —zh§§(§,o,o) (124)
= (1n,0,0). (125)
For the B-phase dy = (l;:z, IACy, lACZ),
di- [k x Vi)eds] = di- (k x Vi)a (ke by, b2 (126)
O B, BN
_ k.(kyakz—kza]%y)(m,ky,kz) (127)
= di- (0, k2, ky) (128)
= (kay by, k2) - (0, =K, k) (129)
- 0, (130)
di - [(k x Vi)ydi] = di- (k% Vi) (ko by k) (131)
B RPN I
_ k.(kzaAz—kxakz)(kx,ky,k:z) (132)
= dt - (k.,0,—k,) (133)
= (ko ky, k2) - (k2 0, —hy) (134)
— 0, (135)
di - [(kx Vi)adi] = di- (k% V). (ko by, k) (136)
B B A
_ k.(kxaAy—k:yal%z)(kx,ky,kz) (137)
= di - (—ky, ks, 0) (138)
= (koy by k2) - (=Fky, ks, 0) (139)
- 0, (140)
and then
- A e o
(L) = —ih / Ty 1k x Vi)d (141)
L[ A
- —zh/E(O, 0, 0) (142)
= (0,0,0). (143)



In summary:
N . .
e For the A-phase d;, = \/;(0, 0, ky + iky),

(S) = and (L) = (0,0,h). (144)
e For the A;-phase dy, = \/g(l%y + ik, z(l;:y + il%z), 0),

() = (0,0, %h) and (L) = (1,0,0). (145)

e For the B-phase dj, = (k,, 1;‘ k),

($)=0 and (L) =0. (146)

Appendix :
In the case of the A;-phase dj, = \/g(/%y + ik, z(/%y + ik.), 0) =/2(k, + ik )(1, i, 0)

Ay = dy-did, (147)

= |d|dy - 36, (148)
dz—i-zdy dz
- gal( dmdy) (149)
- —1+4+a-1 0
_ \[\d\k +ik) (T 1+m> (150)
- —\/§\d\(ky+ik;z)((1) 8) (151)
This means

R A Au>_<ATT 0)
B = <Au A/ L0 0/ (152)

namely Ay # 0 and A =0, (also, Ay = Aj; = 0) for the A;-phase.

Also, it is noticed that the A;-phase state is not a unitary state because AkAL is not
proportional to the unit matrix o (see Eq. (152)). Such a state is called nonunitary.

In general, A Al can be written as A Al = |dy|260+1i(dg x di)-&. Then, the nonunitary
means dj, X d7§ # 0, namely the vector OZ;”; is not parallel to . Indeed, it is the case for the
A-phase dy, o (1,4,0). The vector dj”; x (1, —1,0) is not parallel to dy, o (1,4,0).

Therefore, (S) is finite for the Aj-phase (see Eq. (44)).

On the other hand, dj, o (0,0,1) for the A-phase and di (l%x, ]Afy, /Afz) for the B-phase.

For those two phases, (S) = 0 because d; || di (i.e., unitary states).



