Unkonventionelle Supraleitung WS 05/06
Losungen zur Serie 9

9.1 First of all, we will show that the superconducting ground-state energy Ey at T = 0 is

given by
1 |Ap s (T = 0)]?

Ey(T=0) = —E,(T=0 — : : 1
oT=0) = 3(6—E(T=0)+5 3 S5t (1)

Let us start with the following Hamiltonian,

1

H = Y &clons+ 52 2 Vi brss1 525354 Chisy C s C 35 Chs- (2)

k,s k,k' 51,52,83,54

(See Eq. (2.1) or (55) in the theory lecture notes.) We consider the mean field by, defined

as

bk ss' = (CoksChs') and bch,ss’ = <CJlrcs'CT—k:s> (= (copsCrs')” = z,ss’)7 (3)

where (---) means the thermal average. We define 0by, 5 as

Obrssy = CopsChs — (CoksChs') (4)
= C_psChs — i s (5)
5b£,53/ = (C_psCrs’ — bk,ss/>T (6)
= s = O aw- (7)
Then,

C_ksChs' = Dpssr + Obp 55 (8)
ClecT_ks2C—k’S3ck'S4 = (CopsyChor ) T CotrssCrrs, 9)
= (Brsasy + Obr,sosy) (i syss 4 Obir 555, (10)
= (B oz + OB sm01) (D0 s34 + Oi 555,) (11)
= D)oo D sy Of s OBk ssa + OBL o Dt sasy F Ob) o OBk sy, (12)
R b] e Dkrsss Db s 00 ssy + OBL L i o, (13)

= bl Dhsyss F By (ChrssChss — Oat 550
+ (C—kssChsy — Bhsasy ) it s (14)

= b2732316k’,3334 + 6273231(C—k’33ck’34 — by s354)
+ (C£5101k52 - b;rc,sgsl)bklﬁis«% (15)

= bl s Dhsyss F Bl O W5 Crss — Dk gy Dhv s

+ ClecT—kSQbk’,SSM - bL,SgslbklysSSél (16)
= blt,sgslc—k/83ck/84 + c]tSlcT—kSQbk/vSiiSﬁl - blt,sgslbk/75384 (17)
= Df e Oty Chrss + Ok 50 Chg, € sy = Db s, D sy (18)
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Substituting this into the original Hamiltonian (2), we obtain the mean field Hamiltonian,

Hyrp

Z gkC;LSCkS

T
+3 5 Z Z Vi k1528354 (by, 5951 C—k/s3Ch!sq T by 8554Ckslc—k32 bk sgslbkl75384019)

k,k’ $1,52,53,54

We define the order parameter as

AIf,ss’ = — Z Vk,k’;ss’3334<C—k’33ck’34> (20)
k’,s384

= - Z Vk,k/;58/8384bk/,5384‘ (21)
k' ,s384

Then, assuming Vi, p/.ss/54s, 18 TC2I,

Z,ss’ - - Z kak’;ss’s;;s;;<C—k'330k'84>* (22)
k’,s384

= - Z Vk,k’;58’8354<CJIL’S4CT—I<’33> (23)
k’,s384

= - Z Vk,k/;58/8354b2’,3334 (24)
k’,s384

= - Z Vk’,k;84535/8b;£;/,5384' (25)
k'’ ,s384

where we have used the symmetry Vi pr.s;sps5ss = Vil kisasssess 0 the last line.!

Hence, the mean field Hamiltonian (19) is written as

HMF =

Z Skciscks

k,s

T
+3 2 Z Z Vk’ K 51525384(bk 52810 k's3Ck's4 + bk' 5384ck810—k52 bk sgslbk/78354(26)

k,k’ 51,52,53,54

Z gkCJIE;S Cks

k,s

T 9 Z Z (_kak'§31528384b;2,3231)C—k’83ck’34

k k! 81,52,53,54

5 Z Z (_Vk,k’;81828384bk’78384)CJIleCT—kSQ

k,k’ 51,52,53,54

1
_'.
+ 5 Z Z (_Vk,k’;81828384bk,3231)bk’,8384 (27)
k,k’ 51,52,83,54
Z&clscks
k,s
1 T
- 5 Z (_ Z Vkvk/§51325334bk,5231)C—k/sgck/84
k', 83,54 k,s1,52
1 b -
o 5 Z (_ Z Vkvk/;51825384 kl78354)ck516—k82
k,s1,52 k',s3,54

L' M. Sigrist & K. Ueda, Rev. Mod. Phys. 63, 239 (1991). See p. 242 therein.



1
+ 3 Z (_ Z Vk,k’;81828384b;rc,3231)bk’78384 (28)
k' 83,84 k,s1,82
= kaclscks
k,s
Z A*’,8483c_k"f’%Ck"f”4
k' 83,84
LS5~ A i
- 5 Z k,5152Cks; C—ksy
k,s1,82
Z A*',S4S3bkl73334 (29)
k' 53,54
= Z gkcjl[cscks - Z ( Z},Sgslc_kslckSQ + Al‘%sls?CLSlcT—kSQ)
k,s k 181,82
+ Z Ak’ 5251bk,8132 (30)
k 151,82
= kackscks - Z ( k sgslc—kslck’SQ + Ak,SISQClslcT—ksg) + C. (31)
k,s k 151,82
Here, we have defined
1
C= 5 Z Ak 82816k73152‘ (32)
k,s1,52
From Eq. (31), we can write
HMF - ngC;LSCkS - Z ( 2,3231C—k810k82 + Ak,8182CJlr€leT—k32) + C (33)
k,s k ,81,52
1 * * * *
_ 5 Z(Ak,TTC—chkT + Ak,lTC—kTCkL + Ak,TLC—klckT + Ak,iic—klckl)
k
_'.
—5 Z(Ak 1k + A kel + Ae el + Ay el kzl) +C (34)
1 f t
k
_ EZ (corts Cn) <Af,ﬂcm + Af,lTC’fl)
25 Akncrr + Aokl
1 Ap ety + Dgqiely
o N ) G R 35)
247 M Ayl + Ay

= %Z(CLT, Cm)(% i)(ckT>+%Z(0_m, c_kl)<_%_k

Ckl %

)2
A/ \er

t
AVEEAVETR N e

(chps CT)< ’ ! ) +C.
ORI Ak Ak \ el

(36)



Here, let us define,

We define,

Hence,

1
2
+Z€k
k
iy piala
2 k
—%ZETA,BJFC
k

Ck1
_ [AY _ | “m
= B~ e
of
—k]
5 = 1 (fk{fo
k= 2 __sz
K Ezzz:ék +'(1
k

<C kT ) C
C—kl
B

}¥A4F‘:: EEI(jgék(jk<+-}(.
k

4

(40)



This Hyr is essentially equivalent to the Hamiltonian given in Eq. (2.15) and (93) in the
theory lecture notes (but notice A, — —Ak) Therefore, assuming &_, = &, Hyp is

diagonalized as shown in the theory lecture notes and as in the exercise 4.1:

Hyr = Y (CLO) (Ulalh) (U1Cr) + K (48)
k
— S ALEA 4K, (49)
i
where
. . 1 Ek 0 i Ek-l— 0
Ek = 5( 0 —E_k) and Ek ( 0 Ek7_)’ (50)
Akt
a
A= i | (51)
—k7
a’y

and Uy is a unitary matrix.

The diagonalized Hy;r is then written as

Ey + 0 0 0 agp
1 0 E _ 0 0 )
Hyp = 53 (ay aly o o) | o 707 _p be 0 ol 4y
: —k, -
0 0 0 N aly
+ K (52)
1
= 5 Z Ek7+a,tTakT + Ek7_a,tlakl - E—k,—i-a—kTaT_kT — E_k,_a_leLT_kJ + K (53)
k
1
= 5 Z Ek7+aLTakT + Ek7_a2lakl - Ek,_;_akTCLJ,LT — Ek,_aklall] + K (54)
k
1
= 52 |Busabjas + Be-afjar — B (1 alar) — B - (1 — afja)]| + K(55)

k
1
{Ek +amam + Ek aklakd 2 Z(Ekv+ + Ek7_) + K. (56)
k

I
=[]

Since we are now interested in the ground state energy at 7' = 0 where there are no excita-

tions, in Eq. (56) we will consider the following term which corresponds to the ground state

energy:
1
k
1
= —5 2 (Bey + By +ka+0 (58)
k
1
= -3 > (Bt + Er-) + Z 3 + = > A e bksis: (59)
k k ,81,82
1
= §Z(Ek++Ek +Z§k+— > Ay (Cosi Chsa ) (60)
k k 181,82



where we have referred to Egs. (3), (32), and (46).
In the case of the singlet state and the unitary triplet state (see Egs. (2.19)—(2.21) or
Egs. (97)—(99) in the theory lecture notes),

1 A~ A
Ey=Epy =B, =\ +|A? (= E_p), |A* = §Tr[AkAL], (61)
Ck1 Qg
Ck| - U, O ag|
o= | | cma (B ) 0
k CT—kT Rk Vi Ulyg aT—kT (62)

= (63)
& (am> T
=\ ay, “+\aly,
1 (Ek+§k:)5o< kT)—FAk <aT_kT>
2Ek(Ek + Sk) A* (akT) + (Ek + fk)CATO aT—kT
akl _k
!
(Ey + &)60 ( kT) + A
1 akl a_k ~ AT
- o L (Be=—AT)(65)
2E(E + &) ~A] (akT> + (Ex + &k)0o < T_kT>
k| aly
(Ex + &)arr + A gralyy + Aggraly,
_ 1 (Ek + £k)akl + Ak“aim + Ak,llaT—kl (66)
2Fk(Ex + &) (Bx + fk)aT—m - AZ,ﬁakT - Az,uakl
(Ek + Sk)aT_kl — A;’;Tlam — A;uakl
Therefore,
1
(emerr) = gpipy gy (B + 8ok +Aopaly + Aol
X {(Ek + fk)am + Ak,TTaT—kT + Ak7”aT_kJ> (67)
1
= (Bt &) [(Ek + &) A (apral ) + (B + fk)A—k,MalTakT)} (68)
1
= 2E (D1 {(1 = alyra i) + A pr(alsan)] (69)
1
= o [Ben{1= 1B} + A (B (70)
1 f f
(cogieny) = m<[(Ek +&)ak + A g prag + A_k,Tlakl}
X |(Bi + &)ar; + Mg yral g+ Agyialy ]) (71)
1
T 2B (Ert &) [(Ek + &) A {akal ) + (B + gk)A—k,Tl<a£lakl>} (72)
1
TN (81 ((1 = al jgai)) + Ay gy af an)] (73)



— o [Bun{1= 7B} + As (B,

1
(comert) = s |(Br+ &)an + Ak pak; + A gy al,]

2By (B, + &)
X |(Bi + &)ay + Aggral g + Agpialy |)

= oo [(Ek + &) A1y <a—klaT_kl> + (B + 6k)A_k7lT<a£TakT>:|
1
= E{Aku«l—oﬂ )| Q- kl)>+A_kvlT<a'JI£:TakT>}

— S [Aunf{L- £B)} + A s (B,

1

(copicry) = md(& +&k)ak, + Appal; + Ak af]

X [(Ek —+ fk)akl + Ak,lTaT—kT + Ak,llaT—kl}>

1

— m [(Ek + &) Ak, ) <a_klaT_kl> + (BEr + &) Ak <azlakl>}

= 2E [Ak W =alya)) + Ap(afyan))]
TN {Ak {1l = F(B} + Aok F(E).
Hence, the ground state energy Eo (60) is
B = — (B + i) + 6 + —kz A spes (s Chs)
= - Z By + Z &k
+35 ZAk ”QE Apar{l = f(B)
+5 ZAk ”2E A {1 - F(Er)
e
{

+5 Z AZ,NE Appi L~ f(Ek)

+ = ZAkqu :Ak,u 1— f(Ey)
= —ZEk‘i‘Z&c
+ = ZAk 135, :Ak,TT{l - f(Ek)} - Ak,TTf(Ek):

+5 ZAk ”2E A {1 = F(B)} = vy F(E))

+5 ZAk ”QE A {1 = F(B)} = Aeqi (B



1 1 r
+2;Ale2E Apgl—2f(Ep)
1 .1
+§;Akll2E _Ak,u 1—2f(Ek) (86)
_ 1 ‘Ak,ss’| Ek
- ;(5’“ E’“szg 2B, h(szT) (87)
At T =0,
_ _ _ 1 |Ak,ss/(T - O)|2
E(T=0) = 3(&—E(T=0)+5 > Srmm—gr (88)



The condensation energy at a certain temperature is defined as the difference of the free
energies between the superconducting and normal states. Here, the free energy in the normal
state is estimated by setting the superconducting order parameters zero.

At T = 0, the free energy is equal to the ground-state energy. Omne can obtain the

ground-state energy in the normal state from Eq. (88) by setting the order parameters zero.

Because Ej, = /& + |Ax)? — |&]| (for |[Ag| — 0),

Bz (T =0) = ;(&g = |€kl)- (89)
Therefore, the condensation energy F,.q at T =0 is

Fona = Bo(T =0) — Eg™ (T =0) (90)
= S(a-Ar=0)+; 3 Bl Sa-a) o
= S(l6l - B(r=0) + ;kz e (92)

In the case of the singlet state Ay = Vg, (Vp = Ui(T =0)),
A2 = ST{AAY (93)
= Trl(Wioy)(~i6, V) (94)
_ |‘I’2’f|2Tr[a—o] (95)
= Wl (96)

Ee = &+ 1A (97)
= &+ [T (98)

Z\Akss =0)1* = A+ 1Ak P+ Qg ] + Ay 7 (99)
= 0+ |[Wl* + (=) +0 (100)
= 2|V |2 (101)
Then,
Ao (T = 0)[?

Feona = ;(\gk — Ey(T ) Z,| 2B (T =0) (102)

2|0, |2
= Y (|&] — /& + | Ty —— 103
4 (I6k] = V&& + [x/? NCEATE (103)

o[ dgk<|gk\—¢m>



NO/ko/ W (104)

€2+\‘I’k\2
— No/koQ/ d&e(&r — \&r + | Pkl?)
ko \\DkP

where Ny is the density of states at the Fermi level per spin projection.

We now introduce the cut-off energy €. (> |Vy|) in the integration, which shall disappear
in the final result. We assume that ¥, does not depend on the energy & in the k-space,
but depends only on the sense of k (i.e., on €). That is the weak-coupling approximation.
Then,

Feona = No/koQ/ d&i(&x — /&7 4 [Wr]?)

ko | U, |2
N dé—m———— 106
+5N [ G2 [T ag FEATE (106)
— No/koQ/ d&i(&e — /&2 + [Pk[?)
dSQ), \\IlkP
b)) (107)
/ / §§+ |y |2

Ec

- Nofdﬁ’“ [%’“ - f—’“\/fﬁ\\ﬂ - |\Ij2k|21n(§k+\/§%+ |\I]k‘2)]

§k=0
Ec

+§N0 ko2|xpk|2lln(gk+\/m)Lzo (108)
- 0 (5 - SR - B (e V)
_{_‘\D2k|21n\\11k|}]
+§N0 dQ’“2|x1/k|2lln(sC \/m)—lnl\lfk\] (109)

_ Nofdsrk ng—gc,/gu\\m W2 In (20 + /22 + [0]2)

+ No [ (10 (e + 22+ [Wef?) — [Waf (110)
Ay,
= No [ e —eey/e2 + Wi | (111)
Am
ko i 2 2 ‘\I’k‘z
= Ny e _5C—5C 1+ -2 (112)
sy, | 1|0y |?
~ N, 221+ = 113
0 ar _gc 60( +2 g2 (113)




= —— Ny [ — W% (114)
7

A = STAA]) (115)
::%m«@.&@x—wﬂjéﬂ (116)
= ST -8)(d -5 (117)
= SldiPo + ild; x df) 5] (118)
= Tl (119)
— |d,%. (120)

E, = &+ A (121)
= V& +dil> (122)

Z Ao (T =0)" = [Aepl®+ |Du |+ [Dk g + [ Ak |2 (123)
= | —d, +id,* +|d.|* + |d.)? + |, + id,|? (124)
= (—dy +idy)(—d}, — id}) + 2|d.|* + (dy + idy) (d — id}) (125)
= |do|? + idyd, — id,d; + |d,|*

+ 2|d.|?
+ |da|* — idod) + idyd;, + |d, | (126)
= 2(|do|* + |dy* + |d.]*) (127)
= 2/d,* (128)
Then,
1 |Ak35/(T:O)|2
Foona = &l — Ex(T=0)) + = . (129

2|dj,|?
= S =V + 1] }j 130
Ek:(\ k| Pt NI (130)

This is quite the same equation as in the singlet case (Eq. (103)) with just replacing |V —
|J;€\ Therefore, in the weak-coupling approximation, we finally obtain the final result for

the unitary triplet state as in Eq. (114) for the singlet state:

1 df)
Fccmd - _§N0 k‘dk|2 (131)
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9.2 Let us try to prove the mathematical formula which appears in Eq. (3.14) of the

German theory lecture notes:

1 13 B > 1
itanh(QkBT) = 2]{3]3 Z 7_’_ 62’

mOm

where w,,, = mkgT(2m + 1).
Let us consider the right hand side.

Here, 5 = 1/kgT, and we should note that

2kBT Z 2 +£2 == kBT Z Té_z

() 52 - (iwm)2
1

m;oo (€ — iwm) (€ + iwn)
)3

~1
o (1w — &) (1w + §)

F(iwp,).

By the way, for the arbitrary integer n,

explitian)] = exp3( 1520+ 1))

= exp[in(2n + 1)]
= -1

(132)

(133)
(134)
(135)
(136)

(137)

(138)

(139)
(140)

Therefore, owing to the residue theorem, we can integrate the following for a function f(z),

1

2m Jo

dz

f(2)

exp(fz) + 1

omi Je, B exp( N+

(141)

fIn(2”
el 7 (In W), (+" = exp()) = exp(82))

3w o ¥
- £t e 0
) ni@)j%n[eXp(ﬂz) U5 exg(ﬂz) ’ exp(f (zz))+1
- _i zli%nm. £@)
B Z — - fliwy)
=5 Z f(iwn)-
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(142)

(143)
(144)
(145)
(146)

(147)



Cs

On the other hand, changing the integration path from C; to Cs,

(148)

(149)

(150)

(151)

(152)
(153)

(154)

Ly S0 L/ Q)
2mi Jo,  exp(fz) + 1 270 exp(ﬁz) +1
_ (2)
Z exp ﬂz,, +1°
Here, z, are the poles of the function f(z), and R(z,) is the residue of f(z) at the pole z,.
Hence,
1 & R(z,)
8 :Z_ (ion) = Z exp(fz,)+1
Now, if we set
—1
fz)=F(2) = ——F7—,
R P[P
then the poles of f(z) are at z = +¢£ and the residues are
R(z=¢) = lim(z —§)F(2)
I —1
= lim
=€ (24 )
_ !
= 5

and

R(z=—-¢) = lim (2 —(=¢))F(2)

et
lim
= lim
===€ (2 = &)
_ 1
- %
Therefore, from Eq. (150),
1 & R(z,)
B :Z_ (iwn) = Z exp(fz,) + 1’
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(155)
(156)

(157)

(158)



2 exp(—f3§/2) B
p(FE/2) + oxp(—FE/2) 1) (166)
doxp(-B/2)  exp(BE/2) + exp(—ﬁ§/2)>
p(3E/2) + exp(—BED)  exp(3E/2) + exp(=BE/2)
(167)
1 (exp(—B€/2) — exp(BE/2)
% eXp(ﬂ§/2)+eXP(—ﬂ§/2)> (168)

LS iy o R R(—¢)
— Bm;ooF(Zwm) = eXp(ﬁS)—i—l +6Xp(ﬁ(—€))+1 (159)
= x
~exp(fE) +1 * exp(—p¢) +1 (160)
- __1< ESE 1 ) (161)
26 \exp(BE) +1  exp(—p¢) +1
_ 1 1 _exp(f8)
S <6Xp(ﬁ§) +1 1+ exp(ﬁf)) (162)
_ ! 1 1+exp(B) 1
_1 1 1
- % e 1 ) (164)
_1 2
B ﬂm - 1) (165)
_1<

_ i <exp(ﬁ£/2) — eXp(—ﬂ§/2)> (169)
28 \ exp(0€/2) + exp(—P¢/2)
1 B¢
1 £
= Etanh(QkBT)‘ (171)
Hence,
< 1 1= 1 ¢
2%kpT mg_jo e 3 m:z_oo F(iwy,) = % tanh(QkBT). (172)
Q.E.D.
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